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Force a i d  Dyiminic Ilhipiilability 
for Cooperating R,ol)otl Systeins 

Abstract 
ml dynamic uianipitlahilitv foi gcn- 
iltiplP co-operating 1 ohot nianipiila- 
AIanipiilahilit\ analysis rc4ers to tlic 
~ ~ n i a n c e  of tlie S V S ~ ~ I I ~  r r g a r d d  :IS ij 

otniw of input\ (foiws nlirl toiqtirs 
2 )  into f\i!tpiits (foicw and t o r q i i w  
i~ en~.iioiiriierit oi atw4ciatioli~ of a 
). in ielation 17-it11 tliffeieiit cwifigu- 
~ n i  and diffeirlnt directions in the in- 
aces. To this pnipose. tlrc concept of 
ipsoids fo r  single iohot ai ins is geii- 
enronipass iiiirlti linih cw-opm atitig 
'1 a71 kinematic sti iwtiirc. 

ceion 
performance of robotic systems. re- 
ical transformers of inpnts into out- 
rn~mpu/d17/7fq analwis \Then \doc-  
ints are considered as inputs. and \re- 
nce melllhel (tl1e end effector or the 
't) are consicieied as outputs. om has 
iiatic manipulability pro1)lrrn. idlose 
ril hi. Yoshikan-a 1131. Foice nianip- 
SI stitch of a niechanism rf)gartled as 
tit toiqiies to  f o r w  e x  liange(1 n-ith 

tinic rnariipiilaIdit\ stiidies tlic' rela- 
pint torqnes as inpiits a ~ i d  accelcm- 

~ o i i  of kineniatic manipulahilit\- anal- 
ting s;\'Stenis of rolmts l i a ~  I P ~ I I  

Those papers assiinie 
-\ting a im has a niittiher of artiiated 
a1 to the miIiiiniirn nt"var v to ex- 
for( es nitli tlie inanipiilatctl o1)jc.c.t 
nt. .I Inoic' geneial approach foi t h r  
Iahilitv ariaIj-Sis. allon ing intc.rartion 
ins vitli tlie inwnipiilated o1)jm.t at 

thlollgll tht. 1efe1 Pllf'P nlen1l)el. V'f' 

nce n1cmhcr. [IS]. 

[6] and [RI 
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any point of the kinematic. chain (n-hole -1imh nianip- 
tilation). has \wen prwented in [2]. 

First restilts foi this type of analvsis in tile force (10- 
rilaili l i a w  l~ccn illiiStratPd in [I] (ronsid~ring (nontact 
c~onipliaiire) atid in 18. 9) (iieglecting it).  Sonir of tlirw 
resiilts are licle I I S P ~  i\utl Pstended in order to  fiirtlicl 
devekq) tlir> stuclv h t l i  in thc for( c and in the dvliarnic 
domain. 

In particiilar. i n  Section 2 the tleiivation of the static 
ant1 dynamic model of a wkiol~ limb tnanipiilator i s  
 resented On this hasis. the clpfiriitiori given in [2] of 
kinenlatic ~~ia~i i i~~i la l ) i l i t \ -  is applied to tlie static. (Sw-  
tion 3) i i n d  to tho dvrianiic caw (Section 4). Exaniples 
are disriiswd ill Swtion 5 ,  ivliilt. final romrnents aiid 
coiicliisions ate given in Section 6. 

2 Backgrouiid 
2.1 Quasi-static model 
Let an ohject he grasped by means of 71 contacts arid 
let tlie components of contact foires arid nioments on 
the ohject form a vector t E IR'. Tlie tvpe and 11uni- 
her of contact force coniponents may vary with the dif- 
fcrent types of contact considered (hard-finger. soft 
firigci. complct~-ronstraint. ptv.). Consider the task 
of  rrsisting an  cxtcrnal force f and morrirnt m applied 
tipon the o1)jec.t. Thc1 foice ant1 moment halance fy ia -  
tion foi thr) objwt (*an lw mit ten in m:itiix notation 

w = -Gt. ( 1 )  

\y~ieie w = (f'm'j' E 1 ~ "  is tile so-called IoatI 
*-n.rrncli" ( d  = 3 in the plancl. arid d = 6 in tlie 3D 
space). arid G E I R " ~  is iisi1all.i terinpri a y  tlie .'grasp 
niatris*' ~ 01 '.giip ti-ansforrii" lye assiinie that rriatriu 
G i s  fill1 row rank (rank(G) = d) .  so that the existence 
of a soliition to ( 1 )  fri i  ariy w is giiaranteed. In ge11- 
eral, (1) has inow iinknon-ns ( t )  than eqiiations (d) .  SO 

that the soliition is not itniqne. 
Tlic relationship hetwwi the contact folres (111 the 

as 
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fiillgers and  the ~ e c t o i  7- E R'J of joint actuator torques 
iq a l ~ o  lineal: 

nlwir. niatiix J E RfVq  is the 'Jacohian" of 
t l i ~  manipulation system A iohot c;\ stein with 
(1 > i a n k  (J)  5 f (i.e ker (J)  .f (0)) is a "redundant" 
v ~ t e m .  n h i l ~  iff > rank ( J )  5 q (i e ker ( J T )  # (0)). 
the iohctt SI stem is 4rfectile" n-ith respect to its con- 
tact foire q1)ac.c dinimsion. Exact definitions of the 
a l ~ n ~  1-ertois and rnatiices ( a n  be foiind in [a. 11. 121. 

R \  Iiixtalwsirig qiiasi- static relation~hiys (1) antl 
(2) .  011e gets 

7- = JTt (2)  

IThcn the system is such that matrix L-GT J]' has 
a niillspace. i e n-hpn ker(G) n ker (J  ) # { O } ,  the 
?I stein i s  .'hi peistntir' . In su(h rase. it is well known 
that the> rontart force distiihut ion piohleni is uncleide- 
tmniined antl that  a niorlrl of the svstem compliance 
iq i i e ~ d ~ d  to GolvfA the indeterniinat 1 This prol~le111 tan 
hf? wiia?l\ 7e(I as a controllahilit\ qiiestion as disc Iisscd 
i i i  a ( ~ i i a ~ i  Statir Getting in [I]. and in a complete dv- 
nainic rontest in [lo. 121 The inteiwteil reader is IF- 

frJiirltl t o  tliesp papeic; also for a tletailed (timission of 
fo i  ( c r1iSt i i lui t ioi i  in defective manipulation systems 

To adrliesq force tlntribution problems in hvper- 
Static mechanisms. mechanical compliance of the sys- 
tem has to be taken into account Thus. a lumped 
paianictei model of contact coniplianrp is introduced 
111 thP qiiasi static inodel I)Y niaking use of "viitiial" 
spiiiigs i~laf11ig contact forces t vi th  joint and object 
displac*cnient s 

1I-r tlesrrihe the s\ stein aroiind a iefe1eiice eqiii- 
l i lniuni  (onfigiiration. n-ith contact force to, external 
n i t ~ i c  I I  wo = -Gt,, and joint torque r, = JTt, As 
s i u ~ l l  tliqplac enients fr om the ieferenrr configuration 
; IJF'  ( oiisiclerwl. J aiitl G aIe conrideieti tonstant nia- 
t i l (  PS \Ye fiutlier assume that loints ale poSitioIi- 
rontiollcd. and that tlie irirerse of the Stead1 -State 
gniii of tlirl 7 th joint po4tion servo contiollei is placed 
111 tlit. t l i  diagonal clement of a positive definite q x q 
Stiffnew matrix C ,  We denote h q = q o + S q  the vec- 
tor o f  ioiiit positions. and  1 ) ~  q = ?jn + 8q the vector of 
w t  points foi the joint scivo~.  @I, and qr, denoting the 
joint positinns arid S P I ~ O  set points at the refexenre 
(onfipiiiittioii. r e s p  tiveh. At  the 1efpieni.e coiifigii- 
lation it holds 7-, = C;' (q,, - qn) MP further denote 
bi II = U, +hu the pwture of the manipulated object> 
IT lipre U,, is tlie ohject's reference configuration 

C'ontx t forcps a re  obtained as 

t = K(G% - ~ 6 q )  + t, (4) 
n l i ~ i ~  the qtiffIiPss matrix K E IR'"' iricorpoiates the 
stiiirtinal PlaSticity of the object and of the fingers. 

-1 

Figure 1: The origin of eqiiatioii 5. (a )  Forces antl dis- 
placements (linearlv siipprposctt) generated hv a servo 
set point displacement ivith fised ohjert position. (h)  
Forces antl displacements generated hj- an object clis- 
placement n-ith fist.d servo set -points. 

anti tlie stiffnesq of joint s e i v o ~  [i]. Denoting with C ,  
the f x t stiiictiiral compliance matris (diie e.g. to  the 
fiexibilitv of links and meclianiral traiisniiwion. or to 
soft gripping surfaces), T ~ P  have that 

K = (c, + J C , J ~ ) - '  (5) 

As a consequence of its physical nature. K is assumed 
synmptric and positive definite. A pirtorial represen- 
tation of the variables involved in ( 5 )  is reported in 
Fig. 1. A detailed and comprehensive stiidv on the 
evaluation and thP rcaalization of desiiahk stiffness ma- 
tiices with articulated hands haq been presentpd bv 
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C(iitkosk1- ancl Iiap [4]. 
Tha elastic nio(h1 of contacts (4) enables 11s to ail- 

w r r  tlir. passive fjrce manip111ahilit~- problem at onre. 
I11 fart. it ('an b proven (see e.g. [ I ) )  that contact 
foi ccs 1)alanciiig a n.rpnr1i applied hv t lie environment 
OII tIw oI,lert w kith fixcd joint servo set -points are 
givon hv 

(6) 
n-lirre GE = K(zT(G7'KGT)-' is the K-weighted 
pseiuloinwise of the grasp matrix: E is a hasis ma- 
t i n  of thr. siihspare of n r t i w .  7ntrrnnl rontact forres. 
j .P a c'oIlwtion (if intlependent vectois sparining the 
I aiigv of ( I  - GE G ) K J .  and P is a basis matrix of the 
$iihspa( c l  of pnworp .  infeirtnl rontact fo1re.c;. i.e. tlw 
~ i i i l l s p a ( ~  of [ -Gp J]'. Rcrall that rontact foires are 
said *inteinal" if the)- are self-halanced. and do not 
gcweiatr aiiv iesiiltant Ivrench: "artive" if thcv can be 
iui1)osmI to the syktcni hi- siiitahli (.ontrolling tlie joint 
1 a i i a ~ a s .  and "p:lssive.* otherwise. 

111 (61, tlic roejlicient vector x E JR' paraiiietcri7cs 
ttia w t i w  (controllal)l(~) part of the homogenmis soln- 
tton t o  w = Gt For any choice of x. a vector of ron- 
tac t f o i c w  iesult.; that equilihratcs the tlcsiiecl load. 
I-vrtoi x icprescnlts the fieedoin in the choire of inter- 
nal (mitart  f o t w i .  iisiiallv exploited to  ai-oid slippage 
of c~)nta?c t s .  In ftrct. coninion contart models do not 
allon ailjitiaiv forces to he exchaiigd at tlie contacts. 
a d  ( onic C'oulorhh inequalities between components 
of t a lp  in ordet . 

Siirh a conic constraints can not be dealt with by 
mPtliotls based cin no1 ms such as manipulability el- 
l i p k l s .  Tlieiefore. in this paper ~ v c  assume that only 
hilateral ( oiitact c'onstrairits are in effect (actuallv. this 
assiiniption is no oveiwhelminglv restrictive. as we are 
wqiiiiiiiig to deal n-ith small displarcments fiom an 
(yiiilihiiini KIaq 1. 11-lieie contact foirrl incqiialities are 
vw ifi+ 1'1 it11 soiiie maigiii) 

(oitling to [ 2 ) .  t o  exert the halanring cwntact 
fort w. tlir joint wtiiators haw t o  applx a torqiie 

t C GE-w + Ex + Py, 

I= - J ~ G ~  w t J ~ E ~ .  ('7) 

2.2 Dynamic model 
In oi clvi t o  addrwi the. dvnatnic ma~iipulahilitv anal- 
v4s .  a ~riotlel of the svsteni dynarnics is ncetled. 

.\ iolmt -ohjert svstem is a constrained niec.hani- 
(.a1 s i  s twn.  n-liocp tlvnainics can he ohtaiiicd h y  i ts- 

iiix Eider Lag1 aiige.9 eqiiations along n-ith (-onstraint 
wiitatioims The disjoint dyiiarnirs of the hand and of 
the ol)jt ' (  t a le  iditten as 

d '3lrt{q,q) - " t , $ ~ " ' ) ~  = Mh(q)ij+Q!l(q,q) = T ;  
(77 oq (6 - c m )  = M,(u)G + Qo(u, G) = w, 

fl U BU 

n 1 1 c . i ~  L h (  . ) a n d  Lo( , ) ale the Lagrangians, Mh(.) 
a n d  M,,( ) are SI inmrtric' and positive definitP inertia 

matrices arid &I, (., .) anti Qo(., .) are trrms including 
~~rlorit!--rlependciit and gravity forces of the rohotir 
systcm and of the ohject, respertively. Co-operative 
robots and object dynamics are linked through n con- 
tact constraints of tlie type: 

By introduring an undetermined t -dimensional vec- 
tor of Lagrange multipliers t .  the virtnal work of the 
connertml svstmi ran he n-ritton as (L , lo  = L h  + Lo)  

n.1ienc.e. cliffeirntiating (8). ona gets 

i M r i y n  

t l  1 Q c  l 

M,? 0 JT 

J -GT 0 
0 NI, -G ] . (10) 

anti Q,- = Ji, - G T ~ .  
For non-hyperstatic systems, matrix Mdyn is invcrt- 

iblfb. In such a rase. tlie above rigid 1)ocl~- model is 
sufficient to completely descrilie tlie motion of the sys- 
tern along Ivith the Lagrange multipliers t .  Notice that 
physical interpretation of t as tlie force reactions, ex- 
actly necessary to enforce the constraints. lpad directly 
to  the idcntitv of Lagrange multipliers with roritact 
forres as introduced in the qiiasi s ta t i c  niotlel. 

Foi hvperstatic svstems. M,,y,, is not invertihle. and 
tlie elastir inode1 (4) has to he actjoined to eqiiation (9)  
t o  achieve a completp model of the dvnaniics. 

3 Force manipulability 
In the foice dorriain. inpot efforts are nirmiired hr 
wiglited nornis of joint torques T .  and ontput per- 
fornianre is expressed in terms of weighted norms of 
wenches w. To arrive a t  defining forrc mariipiilahilitv 
ellipsoids. n-e rhoosc rveiglited 2-norms defin~d as 

= \/T'ITw,7: 

with W, and W,, constant, positive definite weighting 
matrices of suitalde size and phvsiral dimensions. An 
effirienrv index ran then be defined as the sqiiare of 
the ratio 
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nheie (1) mid ( 2 )  lime been rised. It niust be noted 
lion PT er that maximization of the aboi e quotient caii- 
not be carried OTPI the n hole t-dimensional space 
wheie the vectoi of tontac t foices t takes its values 
In fart. t is snbject to restiirtions h e  to ( 3 )  

.Iiiothci k e ~  point in the (lisciissioii of force ellip- 
soi(ls for niiiltiplr whole-lirnh iohots coiiceins lion- con- 
ta( t foices ale gerieiaterl in tlie nicchanisin In fact. 
t lw rliicstiori beliin(1 tlie nianipu1al)ilitv anal\ s ly  in the 
fo i c  (1 (Ioiiiain is tnofoltl 

Problerxi 1 find tlic evternal n r w c l i  of iiriit mag- 
iiitiifle (in a n-eightetl iioini sense) that is balanced 
ii i t l i  niiiiiiinini espentlitiue of joint toiquc effort 
( p n  9 9 w  P foi cp 717 n 71 7 p d n  hili  t y problem) e 

Problem 2 : find the joint torque vector of unit 
tnagiiitude (in a weighted norm sense) that gen- 
ei  ates the inayimuiii pel formance in t e r m  of 
11 IPIKII applied 011 the enviionmmt ( n c f i r w  f m w  
7)) n n  7 p l n  hd?t  y p r  ohlcm) 

The tn o piohlenis lime diffeirnt soliitions in genrial, 
l ) tv  i t l l s p  foi niecha1iiqiriS VI ith deferti1 P kinematics. it 
iiial not IF possil)le to a( hieve ai brtrarilv given roil- 
t a r t  forte iectois t .  and hence nienches w 

3.1 Passive force manipulability 
Tlic passiT e force rnanipiilabilitx prohlein is  oh ed at 
on(e 111 t e r m  of (7) V'e rhoose intcinal forces tha t  
1iiiiiir1i17e thP effort t o  halance w as 

AIiri. T' W r 
Siih1ect to 7 = -JTGEw - J'Ex 

are reported e .g .  in [ 5 ] .  If vrnnr is the maxirniim 
t+pvalue and wr72n.T the corresponding eigenvector. 
the rorresporiding direction in the joint, torque space 
is gireri ~ ) y  -JTGRw, , , , .  

3.2 Active force manipulability 
The a r t iw  forre manipiilahilitv prohlmi is only mean- 
ingfiil if tlie motion of the reference riiernhei of the 
niwhanim. i.p thc ol)ject. is inliihitcct hv the envi- 
ronment in all directions. In this hvpothesis. rnaniIi- 
dat ion svstems aie aln-avs hyperstatic. antl a n  elastic 
mode1 of the objert~eiivironnient interaction is mantla- 
tory to proceed in the analysis. Let this model be 

w = - K , ~ u ,  (13) 

where K, is a symmetric, positive definite d x d en- 
vironment stiffness matrix. The choice of K, n-ill be 
discnswtl later on in this section. 

Coxisider thP object balance erpiation (1) and suh- 
siitute the clastic iiiteiaction models (4) and (13). 

GK(G'dt1- Jdq) = -K,hu. 

m-timce the oh ject displacwiient d u  iearlwi at  equilih- 
iium aftei iiiiposiiig a joint seivo set point change c5q 
is ohtained as 

iitt = ( G K G ~  + K ~ )  I G K J ~ ~ ~  'Gf T J ~ C ~ .  

Snhstituting in (13) antl (4), and iisiiig (2). we have 

w = -K,TJi?q 
r = -.J7K(GTT - 1)JStj  

Tho ininiininii is o1)taine.d for Fiiially. the Ravleigh quotient (11) for active force ma- 
nipiilaliilitv 1s cvaliiated as 

= - ( E ~ J w , J ~ E ) - ' E ~ s w , J ~ G ~  w 

(14) 
bq?"SCj 
6qTDSq R:.,(Sd = and tlic rolresponding optimal solution is 

nilf.lP G R  = ( I  - E(E~Jw,J~E)-~E~Jw,J~)G;.. 
C'onseqiiwitlv. tlie perforinanre ratio for passive force 
iiii~!ii~)iilaI)ilit~- ran he mit ten as 

.A\ it is n e11 knon-n. t lie iiiaxiimni (niinirnriin) value 
of the Rnyltiqli quotient in  (12) correywnds to 
t l i r .  iiiaxinirim (iiiiniimirri) eigeiwalue of tlie p m c d  
w,, - x C ~ ~ ' J W , J ~ G R .  Accwclingl~. tlie tiircctions 
(in t hc external n.i~ncli spare) in n~liicli a rnaxinium 
(niiriiiniirn) efirienct is o1)tained are given by the 
gwer a l i 7 ~ ~ 1  e~igrnwctois < c)i icsponding to the maxi- 
niinii (miriiniirrn) ~igcnvahwn of tlic pc'ncil. Details on 
t lw  Pffic'ient c'otnpr~tation of geritw1izt.d eigenvalurs 

\There 
N = JTTTK,W,, K,TJ 
D = Jr(TTG - I)KJW,JTK(GTT - I)J 

Again. the rriaxiniiini (miriirnum) d u e  of tlip Rnylrigh 
qirotient in (14) correspoiids to the Iiiaximiirn (rnini- 
niiiin) eigenvalue of the pencil N - AD. Arcmding1.i. 
the directions ( i n  the joint s c ~ m  set poitit spare) in 
n hirh a maxirniini (rninirniini) efficienrv is obtained 
are given bv the geiier alized eigenvectors ( 01 respond- 
ing to the maximrim (niinirnurn) eigenvaliirs of the 
pencil If U,, , ,  , is the rriaviniiirn eigenvalue and (r,,,,l 
its eigeni ector. the corresponding diiection in the 
,joint torcllie and external ~vrencli space are giveii by 
T = -JTK(G*T-I)Jh$,,,, and w = -KcTJ6qln,,. 

From (14) it is also clpar hoiv t h t x  external stiffnes.; 
matrix K, onii- eniteir in t h p  prorlurt K,W,,  K, .  thuS 
effectively playing t lie role of a ivrenrh n.eiglit matrix. 
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ellip- 

Arcor ding to Yoshikaiva's definition of dynamic ma- 
nipiilahility. w rotisider the ability of a co-operating 
niariipiilation system to accrlerate the reference 111en1- 
her of tlir chain (the objrct in our case) from an  rqni- 
liiniiini configiiration vitlt q = U = 0. 

111 this case. tlyn,aniicc; in  (9)  simplifies to 

Mnv1, [ ] = [ 1 .  
n-liere g!, . go are giavitv trrrns acting o i l  thr  linihs and 
on the. oljjert. respertively. 
\IC assiiInp in this section that tlir system is not 

liypc'rstatir. so that a rigid-hodv model will only be 
iiew1ev1 for th r  analysis. 

T-ritlei this assiuiiption. the inyeise of the dyriaiiiir 
matrix MdJy,, ran he explicitly computed. In fact, 
tlrfiiiirig niatiiccAs A atid B as 

A = [  G o ] :  B = [  -.I, 57' 
aiicl noting that A anti BTB are spinietric and posi- 
tive ddiiiite inatriiw. one gets 

w c h  that X,, E I R ' Q " n ) " c Y + n )  and so forth. one oh- 
taiiiq the soliition of the tlvnamics in terms of ohject 
a(wle1 ations as 

Tlins. thc) tlvnanii nianipiilability Rayleigh ratio (for 
zrio exteinal wrench) is written as 

t y  

Figure 2: Examplp of rooperating niariipiilation 

displace the centel of the ellipsoid by vector gh. Non- 
z e ~ o  n-rrnches applied 011 the oljject have similar effects 
on tl\-naInic iiiaii$ulahiiit~. 

Finallv. in some applications it niav lie important 
to choose a configuration on the basis of how n-e11 the 
ohject motions are artuatect not by joints, but Iat1ir.r 
by external wrenches. Thus the suitable ratio to he 
stiidied becomes 

5 Examples 
Consirler t he simple two -arm cooperating 
srhernatically 1 eprwented in Fig 2 .  consisting of a 
two (1.o.f. and a one c1.o.f. ni~clianisin. An o1)jert 
is held hetn-~c~n the distal links of the arms, In. inpans 
of two 'soft firigc.1' c-ontactc; at (-0.25. 0) and (0 25. I)). 
The passive force maiiipulahility analysis is applied to  
this case wit11 identity weight matrices for simplicity. 
Also note that. immise the system is non hyperstatic. 
the 1-aI11e of the stiffness matrix K does not affert the 
rwiilts of this analvsis. The  resiilting ellipwid in the 
wrench sparp (which is three-tlim~rision;rl for this 2D 
Inwlianism) is almost degc'rterato to  a segincrit (r4gen- 
valiiec; are [ - 2 . 2 ~  - 017 1.1 1) .  whose 
direction is 

2.Te - 016 

7"", = [ :I] 

n'renches in this direction caiise the largest effort 
on the actuators (i.e.. minimize the Rayleigh ratio 
R f  p ( t u ) )  n-hile wrenchps in the orthogonal directions 
(orthogonalit\- is defined modiilo Wtl.)  are passively 
resisted hy the mecha~iism. 

It is interesting i o  iiotiw that. if thr  internal 
f o r w  T I - P I ~  riot optimized. the ellipsoid i~oiild haw 
1iac1 eigenya!ues [ - S F  - O1i 1.7 1 ,  i.e.. th r  
niec*hanism n o u l r l  iise more actuator torques to  rcsist 
the same load 

0.2 
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To a p p l ~  tlip avtil-e force manipiila1)ility analysis to  
t l ip  s a i r i ~  mechaiiisni. specification of internal ( K )  and 
e ~ i l - i r o i i ~ ~ ~ ~ i i t  (K, ) stiffiiess iiiatxiws is necessary. For 
siriiplicit,y. n-c let. t,iiein be -I b y  4 aiitl 3 hy 3 itlen- 
tit>. irintricw. respwtil-ply (ctiariging these ~1111~s clops 
;Iffpc.t the Piisiiiiig rcsults). From the forniiilas of SPT- 

tioil 3.2. tlip ac.tiw niaiiiptila1)ility ellipsoicl in  the joint, 
spavc ( n-hit+ is thl.ee-cliinr.nsional in c ) i l r  example) has 
r.igc~iir-a~iiw [ 0.75 T I  85 1. corresponrting to  direr- 
tions 

I , / , ,  = [ ] . l ' r , d , j / p  = [ :; ] ? ? ' , , I , , ,  = [ a ]  
Tlicsc. rcwlts rlearly c-onfirm the intiiitiw inadeqiiacy 
of t h~ nicdianism to apply forces in the ~/l-dil-ec~tion. 

6 Conclusions 
A tlipory of  force and dynamic rtianipiilahilit,!- for gcii- 
(.lill syst ( w s  of miilt iplp co-operating robot nianipiila- 
tors is proposecl. It extends the conwpt of nianipu- 
lability cllipsoitis for single robot arms to encompass 
niiilti - l i d >  co-ol>wating systems 11-it11 general kine- 
mati(* striict i~rc .  Fiitiire n.o& will conc~rn  cxtclnsions 
to Iiy)pr,static dynamic ~11aiii~)iiIal)ility. arid grneraliza- 
tioiis to iunclerac-tiiatecl joints. 
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