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Abstract— This paper presents the first step toward the study
of minimum time trajectories for a differential drive robot,
which is equipped with a fixed and limited Field-Of-View (FOV)
camera, towards a desired configuration while keeping a given
landmark in sight during maneuvers. While several previous
works have provided a complete synthesis of shortest paths
in case of both nonholonomic and FOV constraints, to the
best of our knowledge, this paper represents the first analysis
of minimum time trajectories with the two constraints. After
showing the extremals of the problem at hand, i.e. straight lines,
rotations on the spot, logarithmic spirals and involute of circles,
we provide the optimal control laws that steer the vehicle along
the path and the cost in terms of time along each extremal.
Moreover, we compare some concatenations of extremals in
order to reduce the complexity of the problem toward the
definition of a sufficient finite set of optimal maneuvers.

I. INTRODUCTION

Time optimal trajectories for a bounded velocity Differ-
ential Drive Robot (DDR) which moves on a unobstructed
plane has been derived in [1]. In particular, authors provided
a proof of the existence and an analysis of the structure
of the time optimal trajectories. Moreover, they furnished
an algorithm to determine all optimal trajectories with the
associated time. Also in this paper, as in [1], we consider
a DDR with bounded velocity but in our case it has a
fixed on-board camera with limited Field-Of-View (FOV) —
basically further limiting feasible maneuvers. The objective
of this research, whereof this paper represents a first attempt,
is to derive the time optimal trajectories from any starting
configuration of the vehicle to a desired one, while keeping
a given landmark in sight during maneuvers. We consider
a pinhole camera model ([2]) with a limited horizontal and
vertical angle of view (see figure 1) whose principal axis
forms and angle I" w.r.t. the robot forward direction.

Localization tasks and/or maintain visibility of some ob-
jects in the environment require that some landmarks must
be kept in sight. In visual servoing tasks this problem
becomes particularly noticeable and several solutions have
been proposed to overcome it. However, when the FOV
problem has been successfully solved for nonholonomic
vehicle, e.g. in [3], [4], [5], the resultant path is often
inefficient and absolutely not optimal. An optimal solution
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(a) H-FOV constraints with carte-
sian and polar coordinates of the
robot.

(b) V-FOV constraints.

Fig. 1. Mobile robot and systems coordinates. The robot’s task is to reach
P while keeping the landmark within a limited FOV (dashed lines).

for a nonholonomic vehicle with FOV constraints has been
furnished in [6] and [7]. In particular, [6] provides the short-
est paths synthesis in case of a camera modeled as a frontal
and symmetric (w.r.t. the forward direction of motion), planar
cone, i.e. only horizontal limits of the sensor are taken into
account. In [7] shortest paths to generic FOVs, including side
and lateral sensors (the forward direction of motion is not
o included inside the FOV) has been obtained. Moreover,
in [8] authors also introduced the vertical constraint limits
imposed by the camera.

On the other hand, optimal trajectories for DDRs without
FOV constraints are also derived in [9] where the total
amount of wheel rotation is optimized, while in [10] time
optimal trajectories are obtained for an omnidirectional ve-
hicle. The methodology used in [1] is an extension of optimal
control techniques developed in [11], [12], [13] for steered
vehicles. Moreover, in [14] a geometric algorithm to derive
time optimal trajectories for a bidirectional steered robot is
developed. The study of optimal controls for such vehicles
started with [15] and [16].

In this paper we start to study time optimal trajectories
for a DDR subject to FOV constraints, providing that the
extremal maneuvers, i.e. maneuvers that verify the necessary
conditions for optimality, are straight lines, rotations on the
spot, logarithmic spirals and involutes of circles. We, thus,
provide the optimal control laws that steer the vehicle along
the extremals and their cost in terms of time along each
arc. Finally, we compare some concatenations of extremals
in order to obtain a sufficient finite set of time optimal
maneuvers.

II. PROBLEM DEFINITION

Consider a differential drive vehicle ([1]) moving on a
plane where a right-handed reference frame (W) is defined
with origin in O,, and axes X,,,Z,. The configuration of



the vehicle is described by &(¢r) = (x(¢),z(t),0(¢)), where
(x(2),z(r)) is the position in (W) of a reference point in
the vehicle, and 6(¢) is the vehicle heading with respect to
the X,, axis (see figure 1). We assume that the dynamics
of the vehicle are negligible, and that the forward and
angular velocities, v(¢) and () respectively, are the control
inputs of the kinematic model of the vehicle. Choosing
polar coordinates (see figure 1), the kinematic model of the
unicycle-like robot is
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Denoting by w, and w; the angular velocities of the right
and left wheel, respectively, we have

V_Wr+Wl _ Wr=wy

2 T
where b is half of the wheels axle length. We assume w; €
[~1, 1], i=r,I and the input space is U = [—1,1]*> C R%. As
a consequence, the forward and angular velocities domain is
a convex compact subset % € R.

The vehicle carries an on-board rigidly fixed pinhole
camera with a reference frame (C) = {O.,X.,Y.,Z.} such
that the optical center O, corresponds to the robot’s center
[x(¢),z(¢)]" and the optical axis Z. forms an angle I" with the
robot’s forward direction (see figure 1(a)). Without loss of
generality, we will assume 0 <T" < g, so that, when I' =10
the Z. axis is aligned with the robot’s forward direction,
whereas, when I" = g the Z, axis is perpendicular to the
robot’s forward direction. The camera has a limited Field-Of-
View (FOV) whose horizontal and vertical angle of view are
8 and &, respectively. Moreover, let ¢ be half of the vertical
angular aperture, whereas ¢ is half of the horizontal angular
aperture. In the following, we consider the most interestin
case in which € and 6 are less than 7/2. Consider ¢; =I'— 5
and ¢ =T+ g the angles between the robot’s forward
direction and the right and left sensor’s border w.r.t. Z, axis,
respectively.

We assume that the feature to be kept within the on-
board limited FOV sensor is placed on the axis through
the origin O,,, perpendicular to the plane of motion, so that
its projection on the motion plane coincides with the center
0,, (see figure 1). The feature has height / from the plane
X, X Z.. Moreover, without loss of generality, let us consider
the position of the robot target point P to lay on the X, axis,
with coordinates (p, ¥) = (pp, 0).

The horizontal FOV (H-FOV), with characteristic angle
0 = |¢ — 1|, generates the following constraints:

B—¢1>0, )
B—¢.<0. 3)

while the vertical FOV (V-FOV), with characteristic angle €,
generates the following one

peos(B—T) > — =R, )

where Rj, is a constant and it represents the minimum
distance from Oy that the vehicle can reach without violate
FOV constraints. Let C}, denote the circumference with radius
Ry.

The goal is to determine, for any point Q € R? on the
motion plane and orientation of the robot, the minimum
time trajectory from Q to P such that the feature in O,, is
maintained in the FOV of the sensor. In other words, the
problem to be solved is

T
min/ dt, (5)
v,o Jo

subject to (1) with controls (v,w) € % and such that
feasibility constraints (2), (3) and (4) are satisfied along the
trajectory, i.e. the landmark is always maintained in view.

Remark 1: The H-FOV and the V-FOV constraints (2),
(3) and (4) can not be simultaneously active, a part from a
1-dimensional curve Cg, which is a circumference centered
in Oy and with radius Rs = cffq;- As a consequence,
circumferences Cs and C, subdivide the motion plane in
three zones

Zo:={(p, w)lp <Ry}
Z1:={(p, ¥)|Ry < p <Rs}
Z:=={(p, ¥)lp > Rs}.

It is straightforward to show that Zj is the inaccessible zone
where both V-FOV and H-FOV constraints are violated, Z; is
the annulus where V-FOV constraint is more restrictive than
H-FOV ones and hence in this zone we can only consider the
V-FOV constraint (see figure 1(b)). Finally, Z, = R?\ (ZyU
Z1) is the zone where H-FOV constraints are more restrictive
than V-FOV one, and hence we can assume the camera as a
planar cone (see figure 1(a)).

III. OPTIMAL TRAJECTORIES CHARACTERIZATION

In this section we describe the extremal arcs associated
to the optimal control problem (5) based on the Pontryagin
Minimum Principle. For each arc we also provide the char-
acterization of controls that optimally steer the vehicle along
the arc. Finally, the time length of each arc is computed.

A. Adjoint equations and extremal paths

Both H-FOV and V-FOV constraints depend on the states
and not (explicitly) on the control variables. In this case the
constraints can be derived with respect to the time until the
equation depends on the control, see [17]. All the derivatives
obtained are introduced in the Hamiltonian function as it is
usually done with constraints on the control variables. The
constrained Hamiltonian of the system is hence given by

sin 3
P

H(p,y,B,v,0)=1—2A(cosB)v+ A, v

+ (A3 — 1 + o) <512Bv—w)
+u3(—cosI" v+psin(f—T')w),

with adjoints dynamics A; = _377 and Uy, U, Uz > 0.



1) Inactive constraints: Let us suppose that the initial
condition ¢(0) is such that

¢ <B(0) <92, p(0)cos(B(0) —T) >Ry,

and hence the constraints are not active for an interval
U, = [0,#;[. From [1], the extremal arcs have been obtained
together with the structure of optimal trajectories that consist
in at most five extremals. The extremals are rotations on the
spot (denoted by *) covered at maximum angular velocity
and the straight lines (denoted by S) covered at maximum
speed. For reader convenience, we explicitly report controls
v and @ along such extremals
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2) Active constraints: Let us assume now that in the
interval [t;,#;] one of the FOV constraints is active, i.e. one
of the conditions (2)-(3) and (4) is verified with the equality
sign. For the H-FOV case we have 8 = ¢; and hence tanf§ =
tan¢;. By (1), v = tan(])i% = tanq)i% (Inp). By integration,
we obtain the equation of a logaritmic spiral (see [6] for
details)

v==l1
w=0

¥ = tan ¢;In <[;> +vyy, or p= poe(‘l’—%)CO“Pi (6)
0

where po and Yy are constant that depend on initial condi-
tions.

On the orther hand, the V-FOV constraint is activated for
those configurations that verify

peos(B—T) = R. ™)

Given (1), the relationship between the control inputs v and
o required to follow a path along which (7) holds is given
by

pcos(B—T)—psin(f—T)B=0= psin(f —I)o=vcosT.

From (1), the trajectory followed with such inputs satisfies
= —tanBtan(f —T')B that by integration gives the follow-
ing relation between y and J3,

cos(f—T)

v =y, +f —cotl log ( cosp ) +cotI" log(cos(I"))

8)
For I" = 0 the above equation corresponds to an involute of
circle with equations:

{PCOS(ﬁ) =R,
V=y,—tanf+p.

Paths characterized by equations (9) are curves known as
involutes of a circle’ On the other hand, equations (7) and
(8) correspond to an involute of a circle rotated of an angle
I around the point (Rp, ). With an abuse of notation, in
the following, we will refer to this as an involute of circle.

(€))

The involute of a circle is the path traced out by a point on a straight
line r that rolls around a circle without slipping).

To determine how the vehicle covers those arcs along an
optimal trajectory, i.e. to choose the optimal values for w,
and wy, it is necessary to consider the Hamiltonian

ﬁ:1+&s++ﬁs,+&m++ﬂm,,

2 2 2 2
where
sy = (—?Llcosﬁ +12¥ +A3512B _ %) ,S_ :s++2%,
my = (g — o) (—Sigﬁ + %) + U3 (—cosF+ %) ,

m_=my —2(l _NZ)%_zu:}’Wa

with py,up, 43 > 0. From Remark 1, one has necessarily
Wity =0 and (W + tp)us = 0, that is the three constraints
cannot be active simultaneously so as the two horizontal
constraints. Hence we now consider the conditions on the
derivatives of the constraints activated in [r,#,], as function
of w,, wy, for the H-FOV and the V-FOV cases separately.
For the H-FOV constraints we have
_sinB(w,+wp) ow—wp

P 2p 2b

Hence for f =T+ 3= ¢; i =1,2, from (10), the two wheels
velocities must satisfy

0. (10)

w,(p —bsing;) = w; (p +bsing;). (11)
The Hamiltonian, with usz =0, can be rewritten as
sin ¢;
H=1 +w, ()«2 p¢l —)qCOS(D,') ﬁ =:1 +w,r+
(12)
or equivalently
—sin¢;
H=1+w <Az ¢ +Alcos¢i)lml‘;i_l):l+w1r
(13)
If sing; > 0 then the Hamiltonian is minimized selecting
wy = —sign ry in (12). Indeed, in this case, |w,| =1 and,

from (11), |w;| < 1. Similarly, if sin¢; < 0 we have w; =
—sign r_ in (13). In this case |w;| = 1 and, from (11), |w,| <
1. Hence, constraint (w,,w;) € [~1,1]% is fulfilled. From
results in [6], [7] we know that condition (10) corresponds
to a spiral arc. Hence, the spiral is followed by the vehicle
with the outter wheel has maximum angular velocity while
the inner one follows according to (11).

From the results obtained in [8] we know that the V-FOV
constraints corresponds to an involute of circle. For space
limitations and for the sake of simplicity, we consider the
case I' = 0. Consider the equation of the involute given by
v =tanf — f + y (see [8]) we have

d
Sy —tanB+B—yo] =

w,—w; sinf
2b

wrt+wp

(2 +tan® B) (1+tan®B) 0

(14
From (14), the wheels velocities must satisfy the following
relation:

Wy (3+cos(2/3) —2b512[3 ) = 1w, (3+cos(2ﬁ) +2b8i2i 2).




Considering 1 = Up = 0, also in this case, the Hamiltonian
can be rewritten in the form

H=1+4+w4t,
H=1+wt_

(16)
a7)

If B €10, /2] we have sinf3 > 0 then the Hamiltonian
is minimized selecting w, = —sign 7, in (16). Indeed, in
this case, |w,| = 1 and, from (15), |w;| < 1. Similarly, if
B €[—m/2,0] we have sinf3 <0 we have w; = —sign 7_
in (17). In this case |w;| =1 and, from (15), |w,| < L.
Hence, constraint (w,,w;) € [—1,1]? is fulfilled. Hence, the
involute is followed by the vehicle with the outter wheel
has maximum angular velocity while the inner one follows
according to (15).

In conclusion we have four possible type of extremal
paths: rotations on the spot *, straight lines S, logarithmic
spirals 7 and involutes of a circle /. Notice that both the
two H-FOV constraints lead to two logarithmic spirals with
two characteristic angles ¢; and ¢ denoted by 7; and
T, respectively. The same apply to the V-FOV constraint
that lead to two involute of circles evolving clockwise and
counterclockwise denoted by I® and I, respectively.

Proposition 3.1: Optimal trajectories are concatenations

of extremal paths E, with E € & = {*, S, Ty, T», IR, I*}.
We recall that we use a superscript sign over the arcs
to denote the sign of the linear velocity used to cover
the arc. For example, symbols Tl+ and T, denote an arc
of logarithmic spiral with characteristic angle ¢; covered
forward and backward, respectively.

The proof of the existence of the optimal trajectory and the
proof that it consists in a finite number of switches among
extremal arcs are quite long and technical and for space
limitations could not be included in this paper®. On the other
hand, it is important to determine the finite set of extremal
sequences that characterize the optimal trajectories and a first
step in this direction is done in the rest of the paper.

B. Extremals Time costs

Given a path y from Q; to (>, we denote by
T*(v,Bo, Bo,) the time cost associated to y with prescribed
initial and final orientations By, ,Bp,. We,thus, denote by
9(}/) = ming, g, T*(v,Bo,Bo,)- By definition one has
in general

T (V:Boy,Be,) = 7 (1)

Let us compute the time costs associated to extremal paths
E € &. Recalling that |[v| <1 and |o| < 1/b, the case of
extremal paths with inactive constraints is trivial.

Proposition 3.2: The time cost of a straight line from Q;
to 0o, say Sp,0,, is equal to the distance between the two
points:

y(SQle) = diSt(leQZ) =010>.

Proposition 3.3: The time cost of a rotation on the spot

of an angle B, say *g, is given by

T (+g) = b|B|.

2The proofs can be found at http://www.centropiaggio.
unipi.it/sites/default/files/HVFOV_timeopt.pdf

In order to evaluate the time cost of spirals and involutes,
the following simple formula with f = p or f = B will be

helpful:
tf 16 d
t= / &ds = / .7‘]“,
0 f(s) £0) £(f)
Proposition 3.4: Given an arc of logarithmic spiral Ty, o,
from Q1 = (pg,, Vo,) to Q> = (pg,, Yo, ), the time cost is

f#o. (18)

lPo, — Po, |
y(TQle):Q;Tﬁ'FbW/Ql _WQ2|7

Proof: For the sake of simplicity, let us assume § = ¢
with sin(¢;) > 0 and pg, < pg, along the path y=Tp,,.
From (11) and from the necessary conditions of optimality
for w, and wy;, on this path the vehicle is driven by the

. The case B = ¢ can be treated

i=1,2.

locity v=———"—
velocity P bsing,
in a similar way.

From (18) with f = p, one has

Po, dp bo, 1 btan ¢,
00 = [[* =B = [ (gt ot )
(To,0,) oo, —cosrv p cos 1 p p

[}

_ P2, —Poy bo,
= coson —|—btan<])110g(pl).

The conclusion follows from the equation of spirals in (6).

|

The time .7 (Tp,p,) is hence given by the sum of the

length fo the spiral between Q; and @, and the time

equivalent to a rotation on the spot of an angle |y, — Vo, |-

Proposition 3.5: Given an arc of involute Ip, o, from Q1 =
(P01 Wo,) t0 Q2 = (Poy, Vg, ). the time cost is

y(IQle) = Rb(CV(Bszr) - CV(ﬁQl 7F))

+b(8o(Bo,:T) = So(Boy 1))
where By, = arccos(Ry,/pg;) +T,i=1,2 and

(. = (Saptoe (057

sinl" cosf3

2sin 3
~ sin2lcos(B — F))

Co(B,T) =cotl (log (%)) .
Proof: Thanks to the symmetry of the problem, without
loss of generality we consider the right involute (I%) starting
from the point (Rp,0). Such curve can be parametrized as

x(s) = Rp(cos s+ ssins)
y(s) = Rp(—sins + scoss)

s==, /m— l=+tan(f-T), Be[[,m/2+T).

Let us also assume that the vehicle starting from point (Rp,0)
moves backward along I®. From optimality considtions we
have that w, = —1 and hence, the optimal linear and angular
velocities of the vehicle along this curve are given by v =
—%, 0= —psm(ﬁc_"% and hence, by using
(18) with f = B and that p cos(f —I') = R;, along an involute,



we obtain

B d
T (Ig,0,) = fﬁQQz smgvﬁwp =
cotl’ cos(f—T) 2sin Po,
=R, | —=log - =
sinl’ cos sin2lcos(f —T') Bo
1
_ Po
+ beotI’ (log (cos(ﬁl“))) o
cosf3 o,
Bo 0
= RyGu(B.1)| * +bCu(B.T)|
ﬁQl 01
|

Remark 3.1: In the symmetric case I' = 0 the expression
of the time cost .7 (Ip,p,) can be substantially simplified
observing that

. 1 2 .
II_IE%)CV(Bar)_E(tan ﬁ_l)a %%Cw(ﬁ,l")—tanﬁ.
In particular for I' = 0 one has
T (lg,0,) = Th(tanz ﬁQz — tan’ Bo,) + b(tan By, —tan By, )
R
- Tb coszﬁQ2 o cosz[SQ1 ) +b(tanﬁQ2 _tanBQI)'

The time .7 (Ip,,) is hence given by the sum of the length
of the involute between Q; and Q; and the time equivalent
to a rotation on the spot of an angle |tan By, — tan fp,|.

IV. OPTIMAL CONCATENATIONS

This section is devoted to the study of optimal concatena-
tions of extremal paths. Indeed, the final goal of this study
is to characterize the concatenations that do not belong to
optimal path under given conditions on the initial and final
configurations.

For space limitations and for the sake of clarity we assume
I'=0. In this case —¢; = ¢» = ¢ > 0 and the arcs of spiral
are denoted by 7; = T® and T, = T'* similarly to the involutes
notation. Referring to Fig. 2, we consider three distinct cases:

o Case 1: comparison between 77 T~ and T~ T ™"
o Case 2: comparison between I« I~ and I~ *I"
o Case 3: comparison between T+« T~ and I~ "

Case 1

Case 2

Z,
I
— N
SOE
Z;

RrS Rb v

o o 0, X
Fig. 2. Pairs of spirals and involutes arcs for length comparison

A. Case 1: Comparison between pairs of spiral arcs

(Po,Wo) and V = (pv,yv)
po = pv. There are two possible pairs of
* TVL+.

Let us consider two points Q =
with yp > yy,
spirals from Q to V: y; = TQL+ * TR~ and 1 = Tg
The equations of the curves are

TQL+ op(y) = pQg(‘V*V’Q)Cot(P
TS p(y) = pye(Vwwicetd
TS p(w) = pge VYoot
TH: p(y)=prelv ¥

and therefore the corresponding intersection points, between
the two spirals of the paths, H; = (py,,Vy,) and H, =

(P ¥y are given by

W¥o N logpy —logpy | ¥, +w
P = \/Popve 2 COtd) n— 2Vcot¢ 2+ V
Yo ¥v N logpg—logpy |y, +w
P = /Popve 2 0., = SRR 4 B V,
with . .
W < Wy < Yo, Wy < Y, < Yo,
H A (19)
Py <pyv < Po < Py,

Such spirals can be compared only if ¥ lays in Z, i.e.
Proposition 1: Given Q and V and the path 7 and
defined above, it holds:

T(n) =T 2T (M) =Ty.
To prove this proposition we need the following:
Lemma 4.1: Given x,y,z € (0,00) with x >y and z > 1, the
following conditions are equivalent
) x <zy/xy,
i y> Y2,

z
iii) /xy(z+1/2) > x+y.
Proof: The equivalence between i) and ii) follows
immediately observing that

y>—\/x>y 1<—Z

X
s - < & 4 -<z & x<zxy.
2 y VAR \[y v
On the other hand condition iii) can be rewritten as
@Dy —zx+y)
2/Xy -

whose solutions z > 1 satisfy

o> EEN -y \/Y
- 2\/xy y
We can now prove the Proposition 1.
Proof: The minimum time to cover the paths ¥ and P is
given by

Pv —ﬁyl

po—p .
Ty = fosz¢“+b(wQ—wyl)+ tnas bWy —w) +2b9
= POIRI +b(pg — pv) +2b9,

Ty, = P _po +b(yo — V) + + PP

cos cos ¢

2’372 (pQ+pV)+b(pQ_pV)+2b¢

cos ¢

“+b(Py, — W) +2b¢



By subtraction one gets

Ty — Ty = ——(Py + Py, —Po —Pv).

¢

The conclusion .7, — 97,1 > 0 is equivalent to Py, + Py, >

po + py that follows from Lemma 4.1 with x = pg, y =
VoV

py and z=¢ £y cot9 ndeed, the condition po < Py, in

(19), is x < z,/xy. From Lemma 4.1, this is equivalent to

VX¥(z+1/z) > x+y and hence the thesis. [

B. Case 2: Comparison between pairs of involutes

Consider two points Q and V with pp = py we set B =
—Bo= arccos . From the equatlon of involutes (9), yp and

Yy are obtalned and |y —wy| = QOWV Ay > 0;
Consider the two possible concatenations of involute
curves from Q to V:

A 215*1‘7, 6> ZIé*I‘J/r.

Those curves can be compared only if %, lays inside Z;. As
proved in [8], denoting by ¢(y) the length of the path 7, there
exists p > \/QRb such that

{ (61) <UC) po>P,
U(6) <U(E1) po < V2R,

On the other hand the following identities are straightforward
to check for an arbitrary involute arc / from Q to V and
curves 61, 6»:

T (I) = (I)+ b|tan By — tan fy|
T (61) = £(61) + 2b(tan By — tan By, ) + 2bPx,
T (62) = (62) + 2b(tan By, —tan Bp) +2bPH, ,

where we have denoted by H; the switching point between
the involutes in the %; curve, i = 1,2. As a consequence,
since by construction By, < Bu,, one can infer that

T(6) < 7(%) for pg > p.

The converse case pg < p leads to different scenarios,
depending on several parameters: the radius pp itself, the
angle Ay and the weight parameter 5. We will highlight this
fact through some illustrative examples. Prior to present the
numerical tests, we introduce a helpful result.

Example 1: Let us consider pg = V2R;, with R, = 1, that
is Bo = m/4. Fig. 3 illustrates the behavior of .7 (%) —
T (6) for different values of b as Ay varies in [0,2f],
with tanf — B = /4, i.e. B € [0, w/4]. Notice that, small
values of 3 correspond to small values of Ay and viceversa.
It can be easily observed that, as b increases, the measure
of the interval of positivity of .7 (%1) — .7 (%2) decreases.
In particular, there exist values of b such that 4] is shorter
in time with respect to %,. On the other hand, in general,
for small amplitude of spanned angles, i.e. small values of
B, along the circumference of radius v/2R,, the fastest path
is 6, while for large amplitude of spanned angles, i.e. large
values of 3, the fastest path is %). Hence, the fastest path
depends on the initial and final configurations.

Example 2: In this second example we would like to
illustrate the behavior of .7 (%1) — .7 (%>) as Pg varies. To

this end, let us consider b = 0.08 and evaluate the time-
costs for different values of By as Ay varies in [0,2] where
tanfi — B = 1/6. Notice that, as expected, for small values
of Ay the fastest path is 4> while for large values of Ay
the fastest path is &) (see Fig. 4).

— b=0

— b=0.03
— b=0.08
— b=0.16
— b=03
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-0.10 -

=015, L n L 4
0.0 02 04 0.6 08

B

Fig. 3. Evaluation of 7 (%)) —
of the parameter b.

T (62) with By = m/4 for different values

— PBo=n/6
1 — Bo=nss
— Bo=n/4
— Bo=17r/64

Fig. 4. Evaluation of .7 (%)) —
of the heading angle fp.

T (¢2) with b= 0.08 for different values

C. Case 3: Comparing pairs of spirals with pairs of involutes

We are now able to consider the cases in which one
of the spiral pairs or the involute pairs intersect Z; or Z,
respectively. We hence consider two points Q and V on the
cmlference Cs = Z1 N Z,, refer to Remark 1, such that
QO0wV = Ay. Let us consider the pair of spirals y; =T}, * T,
with switching point H and the pair of involutes %, = I *1,
with switching point H, such that Ay =2(tan(6/2) — g /2—
tan(Bu,) + Bu,). The time costs of the two concatenations
are given by the following formulae:

_ e TR |y

y(%) cos? g
9(%) =Ry (coslztgcoszlﬁﬂz>
+2b(tan $ — tan By, ) + 25,

Proposition 4.1: The difference .7 (1) —
depend on the parameter b, i.e.

T (%>) does not

T (1) = T(6) =L(n)—UE).
Proof: In order to prove the statement it is sufficient
to observe that tan S — tan By, + By, = 2 + S. -

Due to the proposition above, the behavior of the concatena-
tions is completely determined by the length of the paths; to



this purpose, in the next result we state a necessary condition
for the ordering of ¢(y;) and £(%>).
Lemma 4.2: The following condition holds true:

) > 06) if Ay > 210g%tang =8

Proof: For space limitations we can not report here
the length of the paths y; and % that can be computed by
the equations of 2.7 (Tp p,) and of 2.7 (Ip u,) with b = 0.
Indeed, imposing b = 0 the minimum time corresponds to
a minimum lenght. A sketch of the proof follows. The

statement can be verified observing that

2e S eotd 3 1
Up) — (%) =
(n) - (@) coszg cos? By,
and hence 2¢7 '3 > 3 = ln)>U6). [ |

In order to illustrate the converse case Ay < 0, we present
the following examples.

Example 3: Setting R, = 1, the difference ¢(y;) — ¢(62)
has been evaluated as 3 varies in [0,6/2], that is Ay €
[0,2tan(6/2) — J], for different values of §/2. Referring to
Fig. 5, it can be noticed that, if §/2 < /5, the inequality
0(%>) > £(71) holds true for any f € [0,8/2]; conversely, if
6/2 > m/5 then £(%) < £(y;) for large values of f3.

Example 4: Setting again R, = 1, the difference ¢(y;) —
¢(%>) has been evaluated as 8/2 varies in [7/8,7/2] for
different values of Ay. As clearly shown in Fig. 6, all
depicted curves share the same behavior: for any given Ay,
the curve % is faster than ¥; for small values of §/2.

0.02]

0.007 sz

[ 2 4

70.027 . s_9x
- : 2"
—0.047 sz

[ 2 5

—0.067 sz
2 8

Fig. 5. Evaluation of 7 () — 7 (%) for different values of the angle /2.

V. CONCLUSION AND FUTURE WORKS

In this paper we have approached the study of minimum
time trajectories for a differential drive robot, which is
equipped with a fixed and limited Field-Of-View (FOV)
camera, towards a desired configuration while keeping a
given landmark in sight during maneuvers. We have started
comparing some concatenations of extremals in order to
reduce the complexity of the problem toward the definition
of a sufficient finite set of optimal maneuvers.

Still some work must be done to conclude the analysis
of optimal trajectory in order to exclude other concatena-
tions. For example, concatenations of involutes or spiral
with straight arc should be considered. Moreover, the time
optimal synthesis with feedback control law is also under
investigation.

— AY=0.1
— AY=02
— AY=04
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©

Fig. 6. Evaluation of .7 (y;) — 7 (%) for different values of the spanned
angle Ay.
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