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ABSTRACT In this paper, we study the trajectory tracking problem using iterative learning control for
continuous-time nonlinear systems with a generic fixed relative degree in the presence of disturbances.
This class of controllers iteratively refine the control input relying on the tracking error of the previous
trials and some properly tuned learning gains. Sufficient conditions on these gains guarantee the monotonic
convergence of the iterative process. However, the choice of the gains is heuristically hand-tuned given
an approximated system model and no information on the disturbances. Thus, in the cases of inaccurate
knowledge of the model or iteration-varying measurement errors, external disturbances, and delays, the
convergence condition is unlikely to be verified at every iteration. To overcome this issue, we propose a
robust convergence condition, which ensures the applicability of the pure feedforward control even if other
classical conditions are not fulfilled for some trials due to the presence of disturbances. Furthermore, we
quantify the upper bound of the nonrepetitive disturbance that the iterative algorithm is able to handle.
Finally, we validate the convergence condition simulating the dynamics of a two degrees of freedom
underactuated arm with elastic joints, where one is active, and the other is passive, and a Franka Emika
Panda manipulator.

INDEX TERMS Tterative Learning Control, Nonlinear control systems, Robustness, Robots

. INTRODUCTION and soft robotics [7]-[10].

The iterative algorithm can be robust to disturbances [[11]]
and can follow a switching policy between learning gains
[12]. Additionally, the control law can involve a rectifying ac-
tion for the initial state [|13]], can be combined with feedback
control, e.g., proportional [[14] or model predictive control
[15]], and can learn the desired trajectory even in the case of
variations in the learning process [[16].

TARTING from the 80s, a new control framework,

namely iterative learning control (ILC), was introduced
[1], [2]. The basic idea is to polish, iteratively, the current
control input until the system is able to effectively perform
the desired task. The iterative algorithm does not require any
accurate description of the model, leading to good tracking
performance without any substantial modification of the sys-

tem dynamics, while incorporating persistent disturbances,
e.g., gravity acceleration. Not surprisingly, ILC proved to
be an excellent tool for repetitive tasks. Indeed, its field of
applications are multiple, e.g., robotic manipulation [3]], the
wafer stage [4], manufacturing process [5]], quadrotors [6],
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The main problem when dealing with iterative processes
is guaranteeing convergence. For continuous-time linear sys-
tems and discrete-time systems, it is possible to draw suffi-
cient and necessary convergence conditions [17]-[19], while
it is still an open problem for continuous-time nonlinear
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systems [|19]].

Disturbances such as model uncertainties [|11]], [20]], error
in the measurements, dynamic/external interactions [/, and
actuation delays or faults [21] may cause a failure of the
convergence condition.

Feedback controllers can mitigate the undesired effect of
disturbances through the application of suitable high gains
[22]. This leads to a profound alteration of the system dy-
namics, which is not acceptable in some applications like, for
example, soft robotics [7]]. In this case, the use of feedback
control actions is strongly limit [23]], and pure feedforward
control action, e.g., ILC, is preferable. However, feedforward
methods lack robustness in the case of disturbances. Thus,
what happens in the case of disturbances? Which kind of
disturbances can an iterative learning controller manage?
What can we guarantee in terms of convergence?

The robustness of a pure feedforward iterative control law
problem has already been widely investigated in the case of
discrete-time systems [18]], [20], [24], [25]]. However, it is
still under-studied for continuous-time systems. In [26], the
sampled-data ILC algorithm for continuous-time systems can
manage the time nonrepetitive disturbances, while in [27], the
Authors tackle the same problem in the case of systems with
a fixed relative degree equal to one, constant linear input and
output fields, and saturated inputs.

In this paper, we design an iterative pure feedfor-
ward controller for multiple-input multiple-output (MIMO)
continuous-time nonlinear systems with a generic fixed rel-
ative degree. We prove its convergence in the case of a
great variety of disturbances. We distinguish disturbances on
their dependency on the state or on time. Additionally, we
classify them as repetitive or nonrepetitive depending on their
occurrences w.r.t. the iteration domain. In [11]], [18]], [24],
[25]], the Authors already guarantee a bounded error in the
presence of time-dependent nonrepetitive disturbance. We
propose and prove a convergence condition (D-condition),
which guarantees a robust convergence also in the presence
of state-dependent nonrepetitive disturbances. Theoretically,
we propose a necessary and sufficient converge condition for
arestricted class of nonlinear systems. Then, we quantify the
iteration-frequency and module of the nonrepetitive distur-
bances that the iterative algorithm can handle. Additionally,
we prove that the D-condition does not modify the already
known convergence results in [[11f], [18]], [24], [25] dealing
with time-dependent nonrepetitive disturbances.

Finally, we validate the D-condition on two simulated
robotic systems varying disturbances types and output func-
tions. The first robot is an underactuated compliant arm with
two degrees of freedom (DoFs), in which the first elastic joint
is active, while the other is passive. The second system is a
Franka Emika Panda manipulator.

Notation

Let I,, € R™*™ be the identity matrix and 0y, € R"" be a
zeros matrix. Let £(-), g(+) :x € R” — R" be two vector fields,
Lyg(x) stands for the Lie derivative of g(x) along f(x), i.e

2

Lrg(x) = % f(x). For' any vector v € R”,. fgr any matrix
A € R we denote with ||v|| and ||A|| their infinity norm.
Let A be a positive constant, for any vector v € R", we denote
with ||v||, its A—norm, i.e., ||[v]|, = sup, {||v||e’“}.'Lety:
t € R — R" be a vector function, we denote with y(®)(¢) its
i—th time derivative. Let U be a set, we use the notation #U
to indicate its cardinality. Finally, all physical units may be
assumed to be expressed in SI (MKS), and angles in radian.

Il. PROBLEM DEFINITION

Let us consider an iterative process, where j € U is the itera-
tion index, and U is the iteration set. The class of continuous-
time nonlinear systems under analysis can be written as

Xj(t) =fu(x;(1)) +g(x;(2))u;(t)
+d™(x;(1)) +dP(t) +d;-x(xj(t)) —&-d;t(t)

yi(t) = h(x;(t)) +d}> (¢) , )

with x;(0) as initial condition, x;(r) € R" is the state vec-
tor, t € [0,#] is the time variable, # is the terminal time,
uj(r) € R™ is the control action, y;(f) € R™ is the output,
h(-) :R" x [0,#] — R™ is the output map, f,(-) : R" x [0,#] —
R” and g(-) : R" x [0,#] — R"™™ are the drift and control
vector field, respectively. Additionally, the system is affected
by disturbances d(x;(r)), d”(r), d*(x;(t)), d*(t) € R”,
and d’ (1) € R" which we classify in relation to their
dependency on iteration, state and time domain. In particular,
considering the iteration domain j € U, we distinguish be-
tween repetitive and nonrepetitive disturbances. Furthermore,
we divide them into state disturbances and time disturbances,
respectively. It is instrumental for the development of the
method to introduce the following definitions.

Definition 1. A disturbance dP*(-) : U x [0,] x R" — R",
Lipschitz, and bounded is said to be state-repetitive (or state-
persistent).

Definition 2. A disturbance d*'(-) : U x [0,t] — R", Lip-
schitz, and bounded is said to be time-repetitive (or time-
persistent).

Definition 3. A disturbance d}*(-) : T C U x [0,] X
R”", Lipschitz and bounded, i.e., max, | |d§»X (x(t H
said to be state-nonrepetitive.

Definition 4. A disturbance df(-) :

(dY(-) : U x[0,11] = R™) bounded, i.e., max; ||d% (¢ | =d
(max; | |d;ty(t)|| = djty) and such that d¥(-) # dj'(-) ( V() #
di¥ (), Vi# j € U is said to be time-nonrepetitive.

1

ey

_r
J

U x [0,6] — R

It is worth highlighting that, nonrepetitive disturbances,
i.e., Def. @ have already been widely studied in the liter-
ature, e.g., [11[, [20]], [26], [28]]. However, the other types
of disturbances have not been properly analyzed yet. In the
following remark, we present a few practical examples of
these definitions.

Remark 1. State-repetitive disturbances (Def.[I) can repre-
sent an external force field, e.g., an unmodeled gravity vector
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in the dynamics of a robot. Time-repetitive disturbances (Def.
2) can model additive uncertainties in the system nominal
model. It is worth remarking that repetitive disturbances are
present at each iteration of the whole iterative process.

State-nonrepetitive disturbances (Def.[3) can derive from
the interaction between a robot and the environment or ac-
tuators failure/delays. Time-nonrepetitive disturbances (Def.
E|) are disturbances with no relation with the state, e.g.,
measurements noise. It is worth remarking that nonrepetitive
disturbances occur only for a few iterations (or change at
each iteration) during the whole learning process.

Assumptions

We assume for the system (T)-(2) what follows:

Al) the system (I)-(2) is square, i.e., ny = m.

A2) The system (I)-(2) has a fixed relative degree (vector) ry
such as ry = [ry,...,rn| (see, e.g., [29]):

o Ly Ly hi(x) =0, i,z€[Lm], s€[0,r;—1].

o rank{D(x)} = m,Vx € R", such as D(x) € R™ and
Dij(x) = Ly L}~ hj(x) with i, j € [1,m).

The matrix D(x) is called the decoupling matrix.

Additionally, we assume that ry =--- =r, =r € N.

A3) The initial condition x;(0) € R" is such that x;(0) =
xd(O), vVjeU.

A4) fu(-),8(-),h(-),L}h(-),s = 1,---,r, and D(:) are glob-
ally Lipschitz with constants f,g,h,®;,, and fj € RY,
respectively, i.e.,|| fu(£) — fa(X)|| < f||£— ||, £, x € R™.

A5) The desired output trajectory yq : [0,7] — R™ is feasible,
continuous and differentiable for r times, Vz € [0,#].

It is worth noting that, thanks to assumption [A5)] there exist

bounded uy, x4, and yq, which are the desired control input,

state and output, respectivelyﬂ such that x4(7) = fa(xa(r)) +

g(xa(t))ua(t) and ya(t) = h(xa(?)).

Goals

Considering the disturbed system (I)-(2), given the desired

trajectory yq(t) : [0,2] — R™, and assumptions[ADHAS)] The

main purpose of this paper is to investigate the robustness of
the iterative feedforward control law u;(r) in the presence of
disturbances d™ (x; (1)), d*(t), d**(x; (1)), d'}(r), and d;.ty(t).

In particular, we summarize the goals of this work as follows.

G1) Design an iterative feedforward control law u(r) :
[0,z) — R™ able to follow yq(¢t) V¢t € [0,%], ie.,
lim; 4o |[ya(t) = ()] |, = 0.

G2) Propose a robust convergence condition, namely D-
condition, which guarantees [GI)] even in the presence
of state-nonrepetitive disturbances dJ*(x;(7)).

G3) Find an upper-bound of the state-nonrepetitive distur-
bances d7*(x;(7)), which can be dealt with by the con-
vergence condition proposed in[G2)]

G4) Prove that the D-condition in [G2)] handles the presence
of time-repetitive d?t(t) and time-nonrepetitive d(r)

'Note that ug is unique, and that both x4, and uq are unknown and required
only to theoretically prove the convergence of the method.
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and d"” (¢) disturbances, guaranteeing lim oo | |ud (t)—
u,~(z)\]|l < by with by > 0.

lll. SOLUTION

This section is dived into four parts. Firstly, we present
the employed control law. Secondly, we report well-known
results for this iterative control. Third, we propose the main
result of this paper, i.e., a robust convergence condition
for the control law (3). This converge condition is able to
cope with state repetitive and nonrepetitive disturbances, i.e.,
Def. [T] and [3] Finally, the fourth section extends the main
result considering also the presence of time repetitive and
nonrepetitive disturbances, i.e., Def. [2]and ]

A. ITERATIVE CONTROL LAW

In this paper we employ an ILC control law, which is purely
feedforward. This has already been widely used in literature,
for example in [9] and [30]], achieving [GT)} Recalling the

system (I)-() and the assumptions [AT)AS)] we employed
control law is

ujr1 (t) = uj(t) +T;(t)e;(t) 3)

where I'; (1) € R is the time and iteration varying learning
gain and the error signal "e;(t) € R™ is defined as

‘
[N

~

—
~
~—
(1>

I“‘ ~

T (60— 0)

i=0
:ZY,- (L;}nh(xd) —L;nh(xj)) (4)
i=0
D(xj,xq)

+ Y, (D(xq)ug — D(x;j)u;) ,

where Y; € R™ Y; = 0,Vi =0,...,r are tunable control
gain matrices, which affect the convergence velocity [9]]. The
initial guess uo(t) € R™ of the iterative control law (3)) can be
arbitrarily chosen.

Assuming that the measurements of y(]-l> (t) fori=0,---,r
can be easily obtained through sensors, for each iteration
Jj and time instant ¢ € [0,%], the control law (3) requires
(r+1)(m? + m) operations. In the case that the derivative
measurements are not available the method complexity in-
creases depending on the adopted algorithm.

It is instrumental for the derivation of the method to
introduce the following definition.

Definition 5. If for any initial guess uy(t) : [0,t] — R™, the
iterative control law (3) converges 1o u4(t) : [0,4] — R™ in
such a way Hud(t) - uj(t)||/l =0 when j — oo, then () is
said to be convergent.

Lemma 1. [f the control law is convergent (Def.[3), then the
error @) is such that | ”ej(t) ‘ |)L — 0 when j — oo

Proof. Recalling assumptions [A3)] and [A5)] i.e., no shift
in the initial condition and the feasibility of the desired
trajectory, the proof is trivial. O

3
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B. STATE OF THE ART

A sufficient convergence condition [30] for the controller @,
which we call not-disturbed (ND) convergence condition, is

||In —T;(t)D(x;)|| <1,Vj €U VxeR" Vit € [0,1] . (5)

If (3) is verified, then the iterative process is guaranteed to
convergence. This occurs also in presence of state-repetitive
disturbances (Def. m) see, e.g., [7]], [31]]. Indeed, considering
the system (I), the state-persistent disturbances dP*(x;(t))
can be included in the vector f,(x;(r)), which is still Lip-
schitz. For this reason, in the following, without loss of
generality, we can directly consider the disturbed drift vector

Fxj(0)) = d™ (xj(0) + falxj(0)) - (6)

It is worth noting that, the Lipschitz constant of f(x;(¢)) is
still £ € R, i.e., assumption

Additionally, @) can also deal with both time-
nonrepetitive and time-repetitive disturbances (Def. 2] and ).
However, in this case the iterative process will not have a
perfect convergence as in Def. |§L but it will be bounded, i.e.,
Hud(t) — u/-(t)H/l < by, with by > 0 finite, see, e.g., [11].

On the other hand, @ does not guarantee the so-called
control contraction when state-nonrepetitive disturbances
(Def. ED occur. Therefore, the main contribution of this work
is to propose a robust convergence condition (D), which
extends (B). This is presented in the following section.

C. MAIN RESULT: STATE-NONREPETITIVE
DISTURBANCES

For the sake of clarity, let us define what follows.

Definition 6. Let U = N be the iteration set. U is such that
U =TUYV, where V contains all that iteration j such that (3))
is not fulfilled, while T =U —V.

The following Theorem represents the main result of
this paper. It enables the controller (@) to cope with state-
nonrepetitive disturbance such as in Def. [3] achieving [G2Z)]

Theorem 1. Let us consider the system in the form (I)-@)
with dP'(1) = Oy, dH(t) = Opxt, d(t) = Opx1, and let
va(t) € R™ be the desired output trajectory. Let N € N be
a finite constant. Under assumptions[AT)AS)] if the learning

gain I'j(t) € R™™ satisfies

JjH+N—1 JAN-1
()Y,D(x;)]| < H pi<1,

H [ —
= ] (7)
Vj=sNeU, se N,Vt€[0,z] .

then, the control law @) is convergent (Def. ), i.e
H’ej(t)H)L — 0, when j — +oo.

Proof. For the sake of clarity, we omit the time dependency.
Given the control law (3 and (@), we have
ug —ujs1 = (Ln —jX:D(x;)) (g —u;) — T;P(x;,xq)

T (D)) — D)) ug ®)

. A A .
Defining Su; = uq — u; and 8x; = x4 — x;, we can write

|[8ujit|| <[|Tn =T7,D0x)| ||| 80|+ |[T)] || @Cxjoxa)] |

T[N [ D) = DCxa)| | lual | -

Given (@) and[A%)] we compute

||<I>(xj,xd)|’ = Hizr‘()Y,- (Lifh(xd) —L;h(xj)) H

(10)
with ®, € R is such that ®, > max;—o_...  { |[Yi||||Pi]|}-
Recalling L let ) ; be such that HI —I';Y,.D(x || §
defining 1 = sup, [T (||| 7 lll] + (-4 D)} o
has
[[8ujir || < 27 {|6uj]] +pe[|6x;]| - )

Using again assumption [A4)] we can write the following
inequality for the system (T))

83511 < [ (7+8llua(@)l)]|8x,(7)|

12)
+||gx; ()] || uj(7)| | dz .
Applying the Gronwall’s Lemma to (12)), leads to
65| < ["erllu@exrPar, a3
0

where ¢ £ sup, {||g(x])||} and ¢; £ sup, {f—|—g||ud\|}.
Substituting (T3) in (TT)), leads to

t
[8uje]| < 21 |8y | +er [ ||| (14)

Computing the A —norm of (T4), we obtain

!
80yl <25 135, +suppen | e 3w ||
t
s5)
Grouping for | ’5 u j| ] ,, and solving the integral, leads to

e

elea=2)t
ol < (s )

16uj]]; » (16)

-

which can be rewritten as

[8ujni||, < (j+viA)|[8us|], < pj|[8ujl|, - (A7)

Considering y; < 1, then V¢ > 0, 34 > 0 such that x; +
vi(A) < 1,Vj e U. It is worth mentioning that this proves
the ND-condition (3)).

On the other hand, the presence of state-nonrepetitive
disturbances d”‘( (Def. EI) affects the constant ¢ in (13),
leading to c2 5 1) —&—d;x This may lead to a failure in
the convergence condition (3). Indeed, Ve, and A (already
selected), E|d_§x : xj—i—vj(l,d_;-") >1,VjeVin (7).
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Without loss of generality, we can group (I6) by windows
of N trials, which contains iterations belonging to both V and
T. This leads to

JHN—1
A
[Sujin|[, < TT pillousll;, =Pif|ousll, . a8)
i=j
which is a control contraction for hypothesis, i.e., P; < 1.
We substitute all the iterations of the iterative process, and
we compute the limit for j — +oo

Aim||8uja]|; <jIlP jl18uol [ = (19)

The right-hand side of (I9) is an infinite product of factors P;
such that 0 < P; < 1. This 1mphes that H*‘X’ =0. Recalhng
Lemmal we state that H e; H)L —0,J —> +o0. Thus, the
proof is completed. O

Note that, if we choose N = 1, convergence condition (7]
(D) shrinks into (3) (ND). Conversely, choosing 1 < N < 4o,
leads to a convergence condition, which is more robust than
(). Indeed, (7) guarantees the convergence even if () is not
fulfilled for some iterations.

A necessary and sufficient convergence condition for the
controller (3) and nonlinear system (I)-@) is still an open
problem. However, restricting the class of nonlinear systems
under study, it is possible to obtain the necessary and suffi-
cient convergence condition for the controller (3)), as proven
in the following Theorem.

Theorem 2. Under the same assumption of Theorem |l let
D(x) be the decoupling matrix, such that D(x) = D, with
D constant matrix such that 1 = ||D|| € R. Then, () is
the necessary and sufficient convergence condition for the
control law (3).

Proof. Sufficiency. We refer to Theorem|[T}
Necessity. By contradiction, let us

H’ej(t)H)L — b >0, when j — +oo.
Recalling (@), and[A4)] leads to

assume that

[1"enll < (4 D@ [|Sxjin [+ [[Sujin]] - 20

Defining @, = (r+ 1)®, and substituting (T2)-(T8) into (20),
one has
el < (®utView+1) [[Sujan

_ 1)
< (s 4 Vin + ) P |[Su] |, -

Slnce||e|| —beRT, j— oo, thenP > 1 for some
J» which is absurd (P; < 1Vj € U). Thus H e; — 0, and
the proof is completed. O

O]l

Since the windows N is not known a priori, results
not trivial for a practical interpretation. To have a trivial
comparison with a classic convergence condition (ND), i.e.,
@), we state what follows.
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Corollary 1. Under the same assumptions of Theorem([l] let
U =V UT be the iteration set such that #T = oo while #V <
oo, A sufficient condition for the convergence of () is

|In —T;(0)X,D(xj)|| <pj <1 VjeT Vie[0,1]. (22)

Proof. We here report only a sketch of it. Recalling (I7)), we
substitute all the previous trials, we split the products, and we
compute the limit

im [[8i0j21[], < tim [T 2+ v) [T G2+ ) 18wl
JjeEV

Jrtee

JET
(23)
in which [[jer (x;+Vv;) = 0 and [[jey (X +V)) = Vs €
R*\{+eo}. The proof is completed. O

We tackle the goal [G3)| with the following Proposition.

Proposition 1. Under the same assumptions of Theorem
and given a window N of iterations, let Ny and Nt be two sets
such that N = #Nvy +#Nt. The two sets Ny and Nt include the
iteration indexes j where a state-nonrepetitive disturbance
occurs or not, respectively.

Let be A% 1/T1jeny Pjr 1 <A < +o0 and let the learning
gain I'j(t) equal to

L;(t)=eY, "D (x;) ,\Vt € [0,2),€ € (0,1,Vj €U .
24
For any iteration window N, the D-condition (7)) holds if the
nonrepetitive disturbances are such that

X _ 7X o
dr = }flé}é\l/)vc{d] t<A—c
tre | (ﬁ‘i‘l)tfcl,u 1 e )

-W |
A P /A o CiIp "

(25)
where W is the Lambert function [32|], 2 € RT\{+e}, and
U,c1,cp are respectively defined in (T1) and (13).

Proof. Since we assumed that (7) holds true, recalling (I6)
and Def. [6] we can write

[[riIlpi=a""[Tri<1, (26)

JENT  jENVY JENY

where A™! < 1 and [T;en, pj € [1,+00).
Substituting (24) into (26), and computing d* =
max jeny {d}*}, yield to

wer (1 _ e(czfzfd:*)rf)
A—cy—dX

#Ny

[Ipi=|e+

JENY

<A. @70

Note that, we are looking for d* € R\{eo}, which satisfies
(27). Then, after mathematical manipulation, and defining

{2 A —cy—d™, one has e ciu > — ™WAL —e+ciu,
whose solution is (23). O

In practice, (25) is difficult to apply, but it guarantees
an upper bound w.r.t. the iteration frequency for any state-
nonrepetitive disturbances.
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Remark 2. The control law (B) depends on the control
gains Y; € R™™ fori =0, r. These directly multiply the
derivative of the output. Large values could speed up the con-
vergence of the method. However, the magnitude of the gains
should be proportional to the reliability of the measurements.
i.e., inaccurate measurements should be multiplied by low
gains. Moreover, in practical applications, the control action
could exceed the actuators physical limits and, eventually,
damage the system.

D. OTHER RESULTS: ALL DISTURBANCES

In this section, we analyze the presence of also the time-
nonrepetitive and repetitive disturbances (Def. 2] and [),
achieving[G4)] As discussed in Sec. [[lI-B] these disturbances
do not affect (7)), although, they lead to a bounded error [28]]
and [18]. The following Theorem extends Theorem [I] w.r.t.
all disturbances under analysis, relaxing also[A3)]

Theorem 3. Let us consider the system in the form (I)-(2),
and let yq(t) € R™ be desired output trajectory.

Under assumptions [AT)| [AZ)} [A5)} let us consider
the initial condition such as x;(0) = xq(0) +1;,Vj € U,
with sup jHl ]|| < by < +oo. Let us assume that the time-
nonrepetitive disturbances d?y(t) € R™ (Def. EI) is time
differentiable for r times with bounded derivatives, namely
df)‘{ o, diY € R\{+oo}.

If T'j(r) € R™™ satisfies (), then the controller @) is
such that ||ua(r) — “j(t)||)L < by, when j — oo with b, €
R\ {+e0}.

Proof. The presence of time-repetitive and nonrepetitive dis-
turbances modify (TT)) such as

[18ujer]| < 2 [|8usl |+ w[[Sxi{ |+ [T [ 4™, 28)

with d'rty = (r+ 1)1’1’18.7({ ‘TO‘ |d_(r)tya Ty | Yr‘ |d_;ty}
Now, let us recall (T3], which becomes

[8x)]| < b+ [ (o1 ||8us(o) ||+t 29)
0

where d'* = max,{d}*(t)}. Then, with analogous calculation
from -(18), we derive

JHEN-1 N-1j+N—k
[6usnll, < TT piellowlly+ X T1 pid+dpn
i=j k=1 i=j
) ) ) . (30)

with d £ stj{cij} = su[_)j{] )| |d™ + by +udv(d)} <
+oo, and djin = sup]-{dﬁN} = supj{HFijNHd“y + ub +
U v (A)} < +oo.

Computing the limit for j — +oo, using (7), and rearrang-
ing (30) by splitting into N iteration products, lead to

oo 4oo
Tim ||8ujin||, <TTPilI6uoll, + ) Pid+dy, (31)
S =1 =1

where dy is bounded because it is a finite sum of N bounded
variables.

6

Recalling (7), and defining P £ sup ;max, P;, one has

. |
jgrfmuaujmmgﬁd+dzvébu<+oo. 32)

The proof is completed. O

IV. VALIDATION

We validate the effectiveness of the D-condition through
simulations, using MATLAB. Firstly, we simulate a 2 DoFs
underactuated compliant robot, namely RR, composed of two
elastic joints, where only the first one is actuated. Secondly,
we test the method on a Franka Emika Panda robot equipped
with elastic joints.

The dynamic model is used for simulating the system and
for tuning the gain I'j(z) of the controller (3). The gains Y
are chosen depending on the system, while € = 0.9. The
initial guess up is chosen equal to the constant torque able
to maintain the robot in the starting position of the trajectory
va(0), i.e., solving f;(x4(0)) + g(x4(0))uo(z) = 0.

To quantify the tracking performance, we use as a metric
the root mean square (RMS) of the norm of each component
of the output error, showing that the D-condition (7)) extends
the ND-condition (). The learning is executed until the RMS
error reaches a value of 0.001rad.

A. TWO DOFS UNDERACTUATED ROBOT: RR

We simulate the dynamics of a two DoFs underactuated arm
with elastic joints. We refer to [9] for a more exhaustive treat-
ment of the system dynamics. Let m = 0.55 kg, J = 0.001
kgmz, [ =0.085m,a=0.089 m, and d,, = 0.3 Nms/rad be the
mass, inertia, length, center of mass distance, and damping of
each link, respectively. The stiffness of each link is tested in
two configurations: Soft, i.e., k = 1 Nm/rad, and Stiff, i.e.,
k = 3 Nm/rad. For the sake of clarity, let us recall that the
state x € R* of the robot is x = [x|, x2, x3,x4] ", where x|
and x; are the joint positions, while x3 and x4 are the joint
angular velocities.

To test the robustness of the method, we design the learn-
ing gain I'; using a model whose parameters are different
from the nominal one. In particular, the second link pa-
rameters ﬁzz,fz,l}, and d, are decreased by 50%. This is a
state-repetitive disturbance dP* in (I). Additionally, we test
the control algorithm simulating measurement noise d;ly (1),
external disturbances, and delays in the controller u;(t),
which can be both modeled as state-nonrepetitive distur-
bances d(x;(t)) in ().

The chosen output function A(x) € R is the absolute angle
of the robot tip i.e., y = x1 + x», which leads to a relative
degree r =2 iff ([9])

_ —bscos(x2)

D(x) = LgLfnh<x> = detM(x) #0, (33)

where by = mza% erll% +Ji, by = mzl% +Jp, by = a1lhmy
and detM(x) = b1 b, —|—b§ cosxy # 0,Vx € R™.
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The desired trajectory is a minimum jerk signal that starts
from the initial position yy = 0 and reaches the final one yf =
Ting=10s,ie.,

yd(t):yf<10<;>3—15(;>4+6<;>5>. (34)

To fulfil (7), we choose a constant learning gain
I = —edetM/bs , (35)

with b3 = a; b/, and detM = by b, — b3.
In each trial, the starting configuration is x;(0) = 04x1 Vj €
U, and the control gains are [Yo, Y1, Y] = [80,5,1].

1) Soft Configuration

In presence of particularly low stiffness, during the robot
motion, the second link position x; reaches x, = m/2. Thus,
(33) vanishes leading to a variation of the relative degree.
This variation causes a failure of the convergence condition
(3), and no conclusions on the convergence of the iterative
method can be drawn. However, this simulation shows that
using the gain (33]), we can guarantee the convergence thanks
to (7).

We test the same task in two different conditions:

e D - Model: we design the learning gain using (33).
The disturbances are due to model uncertainties and a
change in the relative degree, namely dP'(¢).

e D - Noise: we employ @ and, in addition to the issues
of the D - Model case, we inject Gaussian noise into
the system simulating the presence of time-nonrepetitive
disturbances d;‘y (). The mean value of the Gaussian
noise is equal to 0, the standard deviation equal to 1073
on the position measurements, and 10> on the velocity
measurements.

Thus in the D - Noise scenario, recalling (I)-(2)), and (6,

the simulated system can be written as

%j(0) = fxj(0) +glxj(r))uj(r) +d (1) +dji(r)  (36)
Vi(t) = h(xj(1)) +d}> (t) - (37)

Finally, in the D - Model scenario, we have d;ty(t) = Opx1,
and d(t) = d(t) = 021 in (B6)-(37).

Fig[T|reports the simulation results, where at trials j = 6,8,
xpisx;=mn/2.Fi g shows the tracking performance at the
last iteration, while Fig[I(b)HI(c)] depict the error evolution
over iterations.

2) Stiff Configuration
We test the same task in four different conditions:
o ND: we use the nominal model in (24), where D(x;) is
computed as (33).
o D - Model: we design the learning gain using (33)). The
disturbances are due to model uncertainties, i.e., d**(r).
e D - Force: we employ , and, in addition to the issue
of the D - Model case, we simulate the presence of an ex-
ternal force due to an interaction between the robot and
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the environment, which occurs at trails j = 8, 12. This
is a state-nonrepetitive disturbance d}*(x;(t)), which is
mapped at the joint level with d_j" =05Nmatt=75s.

e D - Delay: we employ (33)), and, in addition to the issue
of the D - Model case, we simulate the presence of a 1 s
delay in the control action. This occurs at trails j = 8,12
and it can be modeled as state-nonrepetitive disturbance
47 (x(1)).

Thus, in the D - Force and Delay scenarios, recalling @

and (6), the simulated system can be written as

k(1) = f(x; (1) + g e (1)) (1) + 5 (xj (1)) +d™ (1) -
(38)
Finally, in the D - Model scenario, we have dP'(t) =
di*(xj(t)) = O2ux1 in (38).

Fig. 2| reports the simulation results. Fig. 2(a)] depicts the
tracking performance at the last iteration, while Fig. 2(b)}
Fig. show the error evolution over iterations.

It is worth mentioning that, taking N =5, A = 1.8, A =
1.52, u =3e—4, co = /4 and ¢| = 26, holds. In
particular we have that in the D - Force scenario d,* = 0.5,
while in the D - Delay scenario d* = 0.4.

B. SERIAL MANIPULATOR

We simulate a 7-DoFs Franka Emika PandaE] manipulator
adding a joint stiffness matrix K = diag{5,5,5,3,3,3,3} le2
and a joint damping matrix F = diag{10,10,10,5,5,5,5}.
Additional details on the dynamics model of the robot can be
found in [33].

We design a Cartesian trajectory (X —Xo)* 4 (¥ — Yp)* +
7} = R%, where [X,Yy,Z]' € R? is the Cartesian start-
ing position of the robot and R = 0.1 m is the radius
of the circumference. Solving the inverse kinematic leads
to the desired time evolution of the joints, i.e., y4(f) =
[ones(1,7),zeros(1,7)]x4, in such a way that the rel-
ative degree r is r = 2, [34]. We indicate the nomi-
nal inertia matrix of the robot as M(q) and its model
with M(q) = 0.9M(q). This is a state-repetitive disturbance
d™ in (I). Note that both M(q),M(q) = 0. The control
gains are Yo = M~!(q)diag{5,5,3,3,7,7,10} lel, Y| =
M~'(¢q)diag{3,3,3,5,5,5,5}, Y, = 0.ldiag{ones(1,7)},
where M is either the nominal or the perturbed inertia matrix
depending on the case under study.

We test the same task in three different conditions:

« ND: we use (24), where D(x;) = M~!(qg;).

e D - Data Loss: we design the learning gain such as
T';(t) = eM(q;), which is a model uncertainty, namely
dP(r). Additionally, at trials j = 4,6, we simulate a
complete loss of joint position data, i.e., ;11 = €M (qo)
leading to a failure of (3). The loss of data can be
modeled as a state-nonrepetitive disturbance dj*(x;(t)).

e D - Delay: in addition to designing the learning gain
such as in the D - Data Loss case, we simulate the
presence of a delay of 0.8 s in the control action of
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(a) Output tracking performance.

(b) Error evolution over iteration.

(c) Zoom: error evolution over iteration.

FIGURE 1. RR simulation results in the Soft Configuration.
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FIGURE 2. RR simulation results in the Stiff Configuration.

the joints 1,3,6,7 at the trails j = 8,12. This leads
to a failure of (5). The delay can be seen as state-
nonrepetitive disturbance @7 (x;(7)).
Note that the learning gain I'j(r) € R"™*" is nonlinear.
Thus, in the D - Delay and Data Loss scenarios, recalling
(T) and (6], the simulated system can be written as

xj(t) = f (xj (1)) + g o (1) () + 7 (xj(1)) + ™ (t) -
(39)
Finally, in the ND scenario, we have d™ () = d%*(x;(t)) =

02,1 in (38).

0.4
— == ND
hel ~@-Data Loss
8 -@Delay
=
502
=
-
&
0o TTes0000000 00000

FIGURE 3. Franka Emika Panda: error evolution over iteration.

Fig 3] shows error evolution over iterations, while Fig f(a)]
compares the Cartesian trajectory executed with the ND and
the D conditions at the last trail. Finally, Fig[d(b)|shows a 3-D
view of the robot at the end of the learning phase.

It is worth mentioning that, taking N = 10, A = 1.6 1e3,
A=21,u=0.078, c; = 1.9 and ¢; = 195, (23) holds. In
particular we have that d™* = 770 in both D scenarios (7).

8

0.8
0.05 E 06
—Des
= ——ND N 04
= 0 ——Data Loss
5 ——Delay 0.2
-0.05 04
-0.4
04 -0.2
: 0
-0.4 -0.)? - -0.2 Y [m) 02 02 X [m]

(a) Output tracking performance. (b) Cartesian execution.

FIGURE 4. Franka Emika Panda simulation.

V. DISCUSSION
Results show that the proposed method improves the tracking
error between the first and the last iteration [GI)] reaching the
desired tracking error value (0.001rad) in presence of state-
repetitive and state-nonrepetitive disturbances (Theorem [T}
goal [G2)) both in case of underactuated (Fig. [[(D)}{2(b)) and
MIMO systems (Fig. [3). Quantification of the robustness of
the method is also presented (Proposition [T} goal [G3)). As
expected, the error convergence is not achieved in the case
of time-repetitive and nonrepetitive disturbances (Fig. [I(c)),
where a bounded error is obtained (Theorem 3] goal [G4)).

If the employed model is exact, and there are no distur-

VOLUME 4, 2016



IEEE Access

Pierallini et al.: A Robust Iterative Learning Control for Continuous-Time Nonlinear Systems with Disturbances

bances, the converge is smooth, fast, and exponential Fig.
2(®)}Fig. B} On the other hand, as expected, the presence of
state-nonrepetitive disturbances leads to an increment of the
error for some iterations, Fig. [I(b)}Fig. 2(b)}Fig. 3] leading
to a non-monotonic convergence. However, thanks to the
fulfillment of the D-condition we proposed, the controller
is able to achieve the same tracking performance (goal [G2))
Fig. 2(a)}Fig. @(a)l This proves that the D-condition is more
robust w.r.t. the original ND one. Indeed, the D-condition
obtains the minimization of the error while dealing with the
incorrect contribution added to the control input, achieving
the same tracking performance as the ND-condition.

VI. CONCLUSION AND FUTURE WORK

In this paper, we tackled the problem of trajectory tracking
for continuous-time nonlinear systems affected by distur-
bances. We define different classes of disturbances. The goal
was to obtain a controller able to achieve good tracking
performance even in presence of state-nonrepetitive distur-
bances. We proposed and proved a convergence condition
for a class of iterative learning controllers. The algorithm is
purely feedforward, and it copes with nonlinear systems with
a generic and fixed relative degree. The proposed method
is robust both to repetitive and nonrepetitive disturbances.
Additionally, we presented an upper bound of the disturbance
amplitude that can be dealt with. Finally, we validated the
proposed method through simulations using an underactu-
ated compliant arm and Franka Emika Panda robot, both
subjected to different types of disturbances.

Future work will investigate the robustness of the itera-
tive framework from both a theoretical and an experimental
point of view. We will combine feedforward and feedback
terms and design switching policies depending on the system
relative degree. Additionally, the employed control law (3)
is based only on the output measurements. Future work
will rely on state-observers [35] to design a control law
employing the knowledge of the whole state. Finally, from
a more experimental point of view, we will implement the
algorithm on a real soft continuum prototype and medical
image encryption [36] both with disturbances.

REFERENCES

[1] Suguru Arimoto, Sadao Kawamura, and Fumio Miyazaki. Bettering
operation of dynamic systems by learning: A new control theory for
servomechanism or mechatronics systems. In The 23rd IEEE Conference
on Decision and Control, pages 1064—1069. IEEE, 1984.

[2] Yangquan Chen and Changyun Wen. Iterative learning control: conver-
gence, robustness and applications. Springer London, 1999.

[3] Gijo Sebastian, Ying Tan, Denny Oetomo, and Iven Mareels. Feedback-
based iterative learning design and synthesis with output constraints for
robotic manipulators. IEEE Control Systems Letters, 2(3):513-518, 2018.

[4] Tom Oomen and Cristian R Rojas. Sparse iterative learning control with
application to a wafer stage: Achieving performance, resource efficiency,
and task flexibility. Mechatronics, 47:134-147, 2017.

[5] Zhi Wang, Christopher P Pannier, Kira Barton, and David J Hoelzle.
Application of robust monotonically convergent spatial iterative learning
control to microscale additive manufacturing. Mechatronics, 56:157-165,
2018.

[6] Nidhish Raj, Ashutosh Simha, Mangal Kothari, Ravi N Banavar, et al.
Iterative learning based feedforward control for transition of a biplane-

VOLUME 4, 2016

3

(8]

<

[10

(11]

[12

[16]

[17]

(18]

[19]

[20]

(23]

[24

[25]

quadrotor tailsitter uas. In 2020 IEEE International Conference on
Robotics and Automation (ICRA), pages 321-327. IEEE, 2020.

Franco Angelini, Cosimo Della Santina, Manolo Garabini, Matteo
Bianchi, Gian Maria Gasparri, Giorgio Grioli, Manuel Giuseppe Catalano,
and Antonio Bicchi. Decentralized trajectory tracking control for soft
robots interacting with the environment. IEEE Transactions on Robotics,
34(4):924-935, 2018.

Riccardo Mengacci, Franco Angelini, Manuel G Catalano, Giorgio Grioli,
Antonio Bicchi, and Manolo Garabini. On the motion/stiffness decoupling
property of articulated soft robots with application to model-free torque
iterative learning control. The International Journal of Robotics Research,
page 0278364920943275, 2020.

Michele Pierallini, Franco Angelini, Riccardo Mengacci, Alessandro
Palleschi, Antonio Bicchi, and Manolo Garabini. Trajectory tracking of
a one-link flexible arm via iterative learning control. In 2020 IEEE/RSJ
International Conference on Intelligent Robots and Systems (IROS), pages
7579-7586. IEEE, 2020.

Franco Angelini, Cristiano Petrocelli, Manuel G Catalano, Manolo Gara-
bini, Giorgio Grioli, and Antonio Bicchi. Softhandler: An integrated soft
robotic system for handling heterogeneous objects. IEEE Robotics &
Automation Magazine, 27(3):55-72, 2020.

Deyuan Meng and Kevin L Moore. Robust iterative learning control for
nonrepetitive uncertain systems. IEEE Transactions on Automatic Control,
62(2):907-913, 2016.

H Ouerfelli, S Ben Attia, and S Salhi. Switching-iterative learning
control method for discrete-time switching system. International Journal
of Dynamics and Control, 6(4):1755-1766, 2018.

Mingxuan Sun and Danwei Wang. Closed-loop iterative learning control
for non-linear systems with initial shifts. International Journal of Adaptive
Control and Signal Processing, 16(7):515-538, 2002.

Qijia Yao. Robust adaptive iterative learning control for high-precision
attitude tracking of spacecraft.  Journal of Aerospace Engineering,
34(1):04020108, 2021.

Se-Kyu Oh and Jong Min Lee. Iterative learning control integrated
with model predictive control for real-time disturbance rejection of batch
processes. Journal of Chemical Engineering of Japan, 50(6):415-421,
2017.

Jian-Xin Xu and Jing Xu. On iterative learning from different tracking
tasks in the presence of time-varying uncertainties. IEEE Transactions
on Systems, Man, and Cybernetics, Part B (Cybernetics), 34(1):589-597,
2004.

Tommy WS Chow and Yong Fang. An iterative learning control method
for continuous-time systems based on 2-d system theory. IEEE trans-
actions on circuits and systems I: Fundamental theory and applications,
45(6):683-689, 1998.

Deyuan Meng. Convergence conditions for solving robust iterative
learning control problems under nonrepetitive model uncertainties. IEEE
transactions on neural networks and learning systems, 30(6):1908-1919,
2018.

Tomoya Hashikawa and Yasumasa Fujisaki. Convergence conditions of
iterative learning control revisited: A unified viewpoint to continuous-
time and discrete-time cases. In 2013 IEEE International Symposium on
Intelligent Control (ISIC), pages 31-34. IEEE, 2013.

Deyuan Meng and Kevin L Moore. Contraction mapping-based robust
convergence of iterative learning control with uncertain, locally lipschitz
nonlinearity. IEEE Transactions on Systems, Man, and Cybernetics:
Systems, 50(2):442-454, 2017.

Seyed Majid Esmaeilzadeh, Mehdi Golestani, and Saleh Mobayen.
Chattering-free fault-tolerant attitude control with fast fixed-time conver-
gence for flexible spacecraft. International Journal of Control, Automation
and Systems, 19(2):767-776, 2021.

Reza Rahmani, Saleh Mobayen, Afef Fekih, and Jong-Suk Ro. Robust
passivity cascade technique-based control using rbfn approximators for the
stabilization of a cart inverted pendulum. Mathematics, 9(11):1229, 2021.
Cosimo Della Santina, Matteo Bianchi, Giorgio Grioli, Franco Angelini,
Manuel Catalano, Manolo Garabini, and Antonio Bicchi. Controlling soft
robots: balancing feedback and feedforward elements. IEEE Robotics &
Automation Magazine, 24(3):75-83, 2017.

Deyuan Meng and Kevin L Moore. Convergence of iterative learning
control for siso nonrepetitive systems subject to iteration-dependent un-
certainties. Automatica, 79:167-177, 2017.

Deyuan Meng and Jingyao Zhang. Robust optimization-based iterative
learning control for nonlinear systems with nonrepetitive uncertainties.
IEEE/CAA Journal of Automatica Sinica, 8(5):1001-1014, 2021.



IEEE Access

Pierallini et al.: A Robust Iterative Learning Control for Continuous-Time Nonlinear Systems with Disturbances

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

Ronghu Chi, Yu Hui, Chiang-Ju Chien, Biao Huang, and Zhongsheng
Hou. Convergence analysis of sampled-data ilc for locally lipschitz
continuous nonlinear nonaffine systems with non-repetitive uncertainties.
IEEE Transactions on Automatic Control, 2020.

Jingyao Zhang and Deyuan Meng. Convergence analysis of saturated
iterative learning control systems with locally lipschitz nonlinearities.
IEEE transactions on neural networks and learning systems, 31(10):4025—
4035, 2019.

Deyuan Meng and Kevin L Moore. On robust iterative learning control
against iteration-varying uncertain plant parameters. In 2014 American
Control Conference, pages 4255-4261. IEEE, 2014.

Alberto Isidori. Nonlinear Control Systems Design 1989: Selected Papers
from the IFAC Symposium, Capri, Italy, 14-16 June 1989. Elsevier, 2014.
Hyun-Sik Ahn, Chong-Ho Choi, and Kwang-bae Kim. Iterative learning
control for a class of nonlinear systems. Automatica, 29(6):1575-1578,
1993.

Douglas A Bristow, Marina Tharayil, and Andrew G Alleyne. A survey of
iterative learning control. IEEE control systems magazine, 26(3):96—114,
2006.

DA Barry, J-Y Parlange, Liuling Li, H Prommer, CJ Cunningham, and
F Stagnitti. Analytical approximations for real values of the lambert w-
function. Mathematics and Computers in Simulation, 53(1-2):95-103,
2000.

Claudio Gaz, Marco Cognetti, Alexander Oliva, Paolo Robuffo Giordano,
and Alessandro De Luca. Dynamic identification of the franka emika
panda robot with retrieval of feasible parameters using penalty-based
optimization. IEEE Robotics and Automation Letters, 4(4):4147-4154,
2019.

Alessandro De Luca. Zero dynamics in robotic systems. In Nonlinear
Synthesis, pages 68—-87. Springer, 1991.

Hamede Karami, Saleh Mobayen, Marzieh Lashkari, Farhad Bayat, and
Arthur Chang. Lmi-observer-based stabilizer for chaotic systems in
the existence of a nonlinear function and perturbation. Mathematics,
9(10):1128, 2021.

Behrouz Vaseghi, Saleh Mobayen, Seyedeh Somayeh Hashemi, and Afef
Fekih. Fast reaching finite time synchronization approach for chaotic
systems with application in medical image encryption. IEEE Access,
9:25911-25925, 2021.

VOLUME 4, 2016



	Introduction
	Problem Definition
	Solution
	Iterative Control Law
	State of the Art
	Main Result: State-Nonrepetitive Disturbances
	Other Results: All Disturbances

	Validation
	Two DoFs Underactuated Robot: RR
	Soft Configuration
	Stiff Configuration

	Serial Manipulator

	Discussion
	Conclusion and Future Work
	REFERENCES

